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КАЛИБРОВКА СВЕТОВОГО КОНУСА В

ТЕОРИИ РЕЛЯТИВИСТСКИХ ПОВЕРХНОСТЕЙ

Строится светоподобная калибровка в теории релятивистских

поверхностей. При квантовании теории в этой калибровке гамиль-

тониан положительно определен, хотя связи решены не полностью,

состояний с индефинитной метрикой нет, причем есть возможность

проверить ковариантность.
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A light-like gauge 1s constructed In the theory of open relatfvistic

surfaces within which part of constraint equations can be solved. In the

quantization of the theory in this gauge the Ham1lton1an 1s positively de-

fined, states with negative norm are absent and there arises a real oossibi-

ll ty to check up covaHance.
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1. Introduction.

The string theory attracts great attention because It successfully solves

the main problems of grand unification theory. The fundamental particles In

this theory may be regarded as one-d1mensional objects - strings - contrary

to points 1n usual field theory. At present, there exist only six string the-

ories for quite definite groups and space-time dimensions, consistent with

quantum mechanics and Lorentz Invariance.

If originally «the string theory was formulated 1n the Hght-cone gauge,

at present essential progress 1s achieved In the construction of the covari-

ant string field theory, perturbation theory and calculation of loop correc-

tions. Presumably, the covariant approach will enable one to obtain the non-

perturbative results too.

Consider the string theory from another viewpoint. Let us regard as be-

fore that fundamental are the point material objects which by some dynamical

laws may form objects of finite dimensions. Clearly, their number must be

continuum, since It 1s Impossible to form a f1nite-d1mens1onal object with

the use of a countable set of such point objects. The dynamics of this system

H



1s given by the well-known "gauge" principle, according to which the strinq

action is proportional to the area of the surface swept out by the string 1 .

From this viewpoint, it 1s natural to ask why the point objects must for»

one-d1mens1onal strings contrary to extended higher-dimension objects. In

the string, already from the very beginning, there Is "squeezed" a part of

degrees of freedom. Therefore, it 1s quite natural to give freedom to all

degrees and consider objects of arbitrary dimensions. The principle of mini-

mal "area" may, as before, serve as "gauge" principle, although one may, of

course, consider also other geometric constructions that depend on curvature

tenser too.

Oo there exist theories consistent with quantum mechanics and relativity

for objects with large number of dimensions [2,3] ? If no, then string Is

really a unique object, If yes, then string is none other than a limit of

more general objects.

On this way, there arises a serious problem connected with tbs gauge

of the theory and, as its consftquencej constraints betv/еея th*>

<5. There exist «evera'i apofoachps -o the Cjuartct's'-<tSon of systems w i n

constraints. In a first cf them the constraint:: nr? vgrio-
1
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In quantization should be specially checked [12] . There exist also other

quantization methods; however, the condition of absence of some or other

anomalies 1n them brings to the restriction on the space-time dimensions.

In the theory of extended objects the above-described quantization schemes

are difficult to realize because at covariant quantization 1t 1s impossible

to prove the absence of states with negative norm or to construct a gauge

which could allow one to solve explicitly the constraint equations and to

check up covariance, and 1n case of BRST quantization Its nilpotency [13] .

Since 1n the general form the problem still seems to be sufficiently

complex, in this work, just as 1n Ref. [3] , we consider the theory of open

two-dimensional surface whose action 1s proportional to the swept volume.

Using the method of construction of time-like gauge for relativistic sur-

faces [3] , 1n this work we construct a I1ght-I1ke gauge In which one can

solve a part of constraint equations. A single equation, which remains

unsolved, reflects the symmetry that was left 1n that gauge, analogous to the

Weyl gauge A
o
 = 0 In the Yang-Hills theory. At quantization of theory 1n

this gauge, the Hamiltonian Is positively defined; although the constraints

are solved Incompletely, states with negative norm are absent, and there

exists a real possibility to check up covariance, since, though the Poincare

group Is realized non11nearly, yet 1s not as much "nonlinearly" as at solving

ill constraints.

2. Light-Like Gauge.

The Hght-Ике gauge 1n the string theory enables one to solve explicitly

all constraint equations in such a way that there remain D-2 Independent

transverse coordinates which then can be quantized canonically (.5} . A consi-

derable part, of loop calculations was performed 1r this gauge [14] . There-

fore, the construction of ft geugs suitable for quantization if; the syfacr



theory 1s necessary-for Its successful study.

Consider a two-dimensional open surface M, whose action 1s proportional

to the volume swept by its motion 1n the D-d1mens1ona1 space-time [1,2,3] :

S = -T Utd6 t d6 a Het1/ag = [dz d6,d6adC (i)

where g ^ - x j x ^ , Х^-Э
cl
')f = 0 , 1 , 2 ; Xu(^^) 1s parametric representation of the swept

volume, ^ S £ i - * [Ъщ. ) ̂ fm ] • The motion equations have the form:

а
г

р
/

+
а^Р/"-0 , a =1,2

where H, and Y^ are components of energy momentum current:

[he constraint equations

are a consequence of invar1an.ce of action (1) under reparametrization

transformation group ^ = '4= ( ̂ ) ;

So long as we consider the open surface theory, then the boundary condi-

tions must hold [3] :

1i * •



= 0 (6)
dSL

while the surface boundary ЭМ itse l f must be Invariant under renara^et-

rization transformations (5).

First of a l l , we identify tT with sore combination of time and soace

coordinates:

ПХ e ЛГ ^

where П is an arbitrary constant vector, such that П > 0 , and Л

will be defined some later. From (5) we have

and like 1n Ref. [ 3 ] we can construct such surface parametrization 1n which

the momentum density in the direction П - Пр will be constant and

proportional to total momentum:

where total momentum is

With the help of remained arbitrariness 1n the choice of oarametrization

we can attain a fulfilment of equality between components n P ' and nP * :

I •
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After fixing gauge conditions (7), (9) and (11), matrix M * 1n (8) 1s

determined yet ambiguously, since there are transformations, under which

the conditions (7), (9), (11) remain unchanged. Indeed, to preserve condi-

tions nx = Л Т and n P = const , 1t 1s necessary that the upper

line of matrix M A should have the form of (1, 0, 0), and Its determi-

nant should equal unity, det M • \ [3] , the second and third lines should

preserve equality of components П-Р ' and flP
 г
 :

nP*
\

/ 1 О nPT\

ггР/'

where Q
r

(81)

ПР6"1 =

б
г
 = h(6i6iC) . One may readily be con-

vinced that here we have nontrivial solutions for g and h

Consider a projection of motion equations (2) on the direction a

i aP a = 0 (1?)

whose solution has the form П.Р
 a
 =

ary conditions (6) X = 0 [3] , i.e.

, and 1n virtue of bound-

How using the explicit form of R,

we obtain:

(3) and the condition (13),

a = 1 > 2 (U)



Thus, from (14) we have

^ x^0- x r x g u M - x u'1 Xy

and if we put

From (15) and (9) i t follows that

Я г Т \ г Г. г г . ^ ч г 1 г (17)

then in this gauge (7), (9), (11) we have

Xs,)
Z
 = i

31
*^)

 3 x£ i (19)

*

3. Hamiltonian Formal ism»

The time-like gauge in Ref. [3 ] й- equivalent to the choice !4 -

( 1 , 0 , , . . ) ; "however, jus t like in the string theory [ 2 l 3 we choose the

*



vector д as l ight- l ike П- ( 1 , 1, 0 , . . . , 0) , I . e . П._- 1, П+= О.

Then the additional condition (9) means that

el = -£- »»
and condition (7) means that X is proportional to T :

Constraints (4) will be rewritten as

P+ y - _ p T
x

L . (24a)

(24c)

where L x 2,..., 0 . Introduce the barycentric coordinate of surface M:

(25)

Integrate (24a) over 6., :

(26)

о

Function С we shall find by differentiating (2(5) with respect to

and using (24b) and (25). Finally we have



I ̂

(27)

After solving the constraint equations (24) we obtained D-2 variables

X 1 . Pi, instead of D-3 ones [ 3 ] . This is connected with the fact

that the Frobenius condition [15] serves as the inteqrabiHty condition of

equations (24 a,b):

(28)

which remains as unsolved constraint. It reflects the fact that the gauge

conditions (7), (9), (11) fix the gauge Incompletely, being a consequence of

residual symmetry (8
1
).

With the help of the last equation 1n (4) and (24c) we.can obtain the

Hamiltonian:

(29)

If now, following Ref. [4] , we Impose the Poisson brackets on all vari-

ables X
1
 and P:

{x
l
ce>), P?

I и



then the Hamiltonian equations bring to correct equations of motion (?.):

(31b)

p + = const } < 3 1 c >

(31dl

Equations of motion for X _ and P_ are satisfied Identically owino to

(24c) and (27). It 1s necessary, just like in the string theory [5] , to

postulate the Poisson bracket between the independent variables a? and P
+
 :

' - 1 (32)

while the other Poisson brackets are taken zero. The Poisson bracket of the

Hamiltonian (29) with constraint (28) vanishes:

{ н , у j == о

so tp is a generator of infinitesimal transformations that remained after

imposing additional conditions (7), (9), (11) (see transformation (8
1
)).

The action of this transformation on variables X
v
 . and P^ is given by

the formula:



4. Quantization.

At quantization of the theory 1n the Hght-Ике gauge (7), (9), (11),

(22), (23) i t is necessary to take Into account the fact that not a l l I n i t i a l

constraints were solved. The Poisson brackets (30), (32) we shall replace by

equal-time commutators [ 5 ] :

i V L (35a)

( 3 5 b )

° (35с)

where б = ( 6 ' 1 }6г) , I - 2,...,D . The other operators, X~ , pj ,

P + and X , are expressed through X » PL , Q , P + by means

of relations (22), (23), (24c), (27). So long as between X1 and P? ope-

rators we have the constraint (28), then in quantization the latter must be

taken Into account in such a way that i t should define subspace of physical

states of the system:

(36-

i3



Such quantization scheme is Intermediate between noncovariant

and covariant [4,5,6,7] ones and resembles the Quantization of

fields 1n the 'weyl gauge Яо = 0 , since after impcsino the oaune condi-

tions S\0-0 there remain gauge transformations depending only on sn?ce

coordinates whose generators are constraints.

In this quantization scheme, contrary to the covariant one, where

[ x > M ( 5 ) j P (?')] ~ 1%M<*6(5-Gf) , the states with necativp norm

are absent, since only spatial components nart idpate in (35a). Therefore,

there is no need to solve eq. (36) either. On the ocher hand, just l ike in

noncovariant string quantization, the invariance under the Poincare nroup

may turn out violated, since operators X , P_ are exoressed nonlinearly
* T

through operators X
1
 and P^ ; so the Invariance must be specially checked.

In contrast with the string, here the «variance should be checked on sub-

space of physical states (36).

In quantum theory there arise ambiguities due to the transition to non-

commuting quantities. These ambiguities, at noncovariant quantization, are

eliminated 1n string theory by the requirement of hermiticity and Lorentz

Invariance of theory. The similar arguments may be used here too.

The work devoted to the verification of Lorentz invariance will be pub-

lished elsewhere.

The author Is thankful to E.Sh. Egoryan, S.G. Matinyan and E.B. Prokho-

renko for useful remarks, and also to M.E. Laziev for stimulating discussions.
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