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~he systematic introduction of moving covariant force linee 

describing the given field is tolerable for orthogonal electric 

and magnetic fields [11. But one can reverse the problem and 

find the field by a system of lines which obey definite equa­

tions. The posssibility for such an approach was discussed by 

Dirac [2]. 

This reversal was done and the closed e~uations for force 

lines equivalent to Maxwell's equations were obtained in this 

.work. Such electrodynamics formulation by means of force lines 

may be useful in the Rainich-Wheeler geometrodynamics [J]. The 

geometric approach turned out efficient, in particular, when 

solving applied problems, where the knowledge of the field 

fine spatial dependence is necessary, for instance, in the ac­

celerator physics (4-5]. In. this work the connection between 

the obtained equations and those of magnetohydrodynamics of 

liquid with infinite conductivity is pointed out [6]. 
At ultrahigh energies the particle field is constricted 

into a narrow extended t -region ( 4] of transverse sizes 
-3 -1 R ~ and Ll , where R is the radius of the trajectory_ 

curvature, ~ • E/mc2 (E is the total energy), L is the 

path length of delayed signals which form ~his region. It means 

that at high energies interaction in the electrodynamics is 
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of a localized in the space (string) charac~b.· 
p~ 

1. Let F be the electromagnetic field tensor. Then 

equations in total differentials [1] 

~v d.x,. = o ( 1 ) 

define the system of Lorentz-invariant magnetic force lines. 

In three-dimensional indications dx,.=(cdt,d'i) the equations 

(1) are written in the form 

(d;rxH]+cdtE=O, 

(Ed"i')=o, 
(2) 

where E and H are electric and magnetic fields, respec-
• }JY tively. The system (1) has non-zero solutions if det F = o, 

i.e. for orthogonal fields. The condition of the system integ­

rability is written as 

-- - 1 aH" ] ... -[ H" ( 7..0t E + c a:t) - E d.tv H = O (3) 

which is automatically satisfied owing to Maxwell equations, 

Under EH= 0 the antisymmetric matr1x FJN is of rank 
J' two and the system (1) determines tae surface x ('C-7 6) of 

dimension two, which is swept out by a unidimensional magnetic 

force line. 

As seen from ( 1 ) , on the surface XJ' ( 'C7 6) lie the world 

lines of charged particles of masses tending to zero. Really, 
e d.)(" 

the expression cFJA" ds describes the Lorentz force which 

acts on a particle ( S is the intrinsic time). Note, that 

the condition of the Lorentz force being equal to zero is 

applied to equations of the ~agnetohydrodynamics of.liquid 
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with infinite conductivity [6J. 

The electric force lines are given by 

* }' FJIV d)( = 0 (4) 

* w11ere 
,. 1 «p 

Ff'" = 2 eJA-1~p F is a tensor dual to Fp>' • These equa-

tions too have nontrivial solutions at E H 0. Nevertheless, 

the integrability condition is satisfied in a space with no 

charges and currentb. 

Later on we'll consider only magnetic force lines. 

2. The problem stated in the preceding section can be re-

versed, i.e. the field FJ'" 

force lines. 

be determined by a system of 

The substitution of Xp= X}'(t:,6) into (1) yields 

F,.J'., = .A (xPx'"' - x'l'X,v), (5) 

where ). is an arbitrary scalar function, and the dot and 

prime denote differentiation over 'C' and 6 , respectively. 

The expression (5) determines the field only on the surface 

x1\r,6) : that i ·s where it can be arbitrary. Equations on the 

function XJ' arise if a congruence of such surfaces is given 

which fi l ls the 4-volume . 

Let parameters C1 and C2 realize such a congruence . 

Now, considering Xf' as a function of four variables Xp = 
.. XJ'(t',6 1 C1 ,C2), and expressing the derivatives a/a~ 
through derivatives a/a~e • where ~e=(t',6,c,,c2) 

*The eq.(4) can be also interpreted as one of motion of a 

massless particle, but with a magnetic charge other than zero. 

From this point of view the eq.(1) is more "real". 
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~c'll obtain equatiu~s equivalent to those of Maxwell: 

a3~e [ci.jKe .Ax"i• (XX,jJl-"
0

-'~.") l ::::.r 

X >' ( A G)' - x '>' ( .i\ G )" ,, 0 J 

(6) 

(7 ) 

lle1·e f x , l = axj'a~' 
1 

G = det (ax"'; a~'). • For lineal'ly 

indeµendent x" . x'f' the eq. (7) determines the function 

of .A 

where f ( C1 , C2) 

'i' he ,·ield Fpv 

-f 
J... = J ( c, , C2) G , 

iu nn arbitrary runction of c, 

must depend only on the functions 

(8) 

and C2 

x" and 

their derevativcs with 1·e,;peci to !i. . hence one can choose 

f(C1,C2) = 1. 

In a space without churges and currents the electric 

force line dynamics i.s dett:r•mined ae;ain by the eqs.(6-7) (in 
'J'V }'V (5) one i.8 to substitute 1" - }' ). 

Equntions for magncLic force lines are easily generalized 

into a case with charges and currents. Really, here only the 

eq . (6) will be changed: 

a [ Li Ke - ' ,. . , ] 4fi . .I' ase €. G x,, (X X,j )(X XiK) : G c J ' (9) 

where the given current /' dcpendu on the function Xv ( ~) 

Por electric ~orce lineu the current part is added to the 

ri.ght side: of c•1 . (7), thus deprivine; :i.t of an obvious solu­

tion .A = G-1 

3. ~he exprcusion (5 ) at :A = G-
1 

is invariant under 

nrbi trat'Y rcpnrametrization 't:: 'l:(t , 6) , 6 = 6( f 1 6 ) 
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·rhe eqs. (6-7) are also i.nvari.1'nt. unJer such repa1·nmet.eization. 

1'i ( 5) the :,mbstituLi.on C1 cC1 (c,, C2.) , C2 = C2(C 1 , C2 ) under t he 

condi t ion det(aca./aCt)=f is also admissible. 

By reparametrization ( 't' , 6 ) one can obtain a conformal 

calibrat :.on of t~e lines )< x':: 0 , X2 
+ x' 2= 0 on one of the 

surfacef' C1 , c2 , but on other surfaces such gauging, gene-

rally speaki ng, may not be fulfilled. In case of x2 x12-(xx')2 =0 

( 
ax ax ) ax )e 

one may impose cond itions ili' a6 =0, ( a6 = 0 (on one 

Sfrface) . To just such gauging (in the whole space ) correspond 

the s olutions (6 ) which describe the li.nearly polarized plane 

wave: 

x 0 = t' x 1 = c 1 l = 6 cos c 2 x3 
= 't' ... Cz ' , ' ( 10) 

4. The eqs. (6 ) can be treated as Lagrange ones Vlith a 

standard Lagra ngian in the space XJ' 

the corr e s ponding 4-potentials .A~ 

, if one construct~ 

.!!'or i nstance , in the 

gauging of .fl,.. x.I' :: 0 [ 7]: 

'). 

" r ~~ .A = J dA . AF p.x) Xv ( 1 1 ) 

0 

But this expres sion is a non-l ocal func t ion of XI' ( ~) • 'rhat 

is why it is i mportant to obt ain a Lagrangian in the spa ce of 

parameters ~i. with changing variable s x" ( ~) 
5. The system of surfaces x"('t' 1 6, Ci 1 Ce) give s a certain 

separated curvilinear coordinate system. The electromagnetic 

field tensor ha s the fo l lowing form in these coordinate s : 
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i..: 

'F"'K= G-\5~ c5~ - 5,' t>:)' 

-tK -1 iKmn (~ 8X ) (~ 8.K ) 
F = -G e ag• atm df ::i;r· . 

I 1,...' 

As it is seen, there remains the only non-zero electric 1 ,~ 

component for the tensor F~tK in coordinates correspond-

ing to the force lines. 

One pair of Maxwell equations is identically satisfied, but 

the second pair in the absence of charges and currents is re-

duced to equations of the first over the unknown functions 

SLK order; 

a ( lt<mn 
a~• E ~om ~1n) = 0, ( 13) 

where 9tK is a metric tensor, EtKmn ( )-1/2 ·~Kmn = -9 e is 

an antisymmetric single tensor of rank 4 in curvilinear coordi-

nates. 

The gauge field representation through one-dimensional ob­

jects was considered in refs.[8-9]. The connection between the 

9lectrodynamics and classic equations of motion of boson strings 

(10,12] was also studied, but it was necessary to introduce 

here nonphysical volume currents to satisfy the Maxwell equa-

tions. 

The electrodynamics formulation through the force lines 

seems more natural for these purposes. First, the electromag­

netic field is expressed by a system of surfaces locally swept 

by moving force lines. Second, the theory is constructed 

freely from the very beginning, i.e. without charges and cur-

rents. 

The analysis of the field geometry of one charge (3,4] 
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allows one to assume that at ultrllohigh energies the dependence 

on C1 and c2 in the force ~ine equations becomes inessen-

tial and the field will mainly be a function of properties of 

only one surf ace swept by the 0 -region. Here it is also 

important to obtain an expression for the action of electrody-

namics with changing variables xi' 

The authors are sincerely €Tateful to A.Ts. Amatuni, M.R. 

.~ailian, S.G. Matinyan, G.A. Nagorsky and T.V. Shakhbazian for 

iiscussions and helpful comments. 
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