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‘proved to be effective for the snalysis of the high energy beha-
viour of the soatiering amplitude, ‘

Recent Serpukhov experiments, 8 matter of ﬂiéouesion ovef
the Pomeranchuk theorem, originated a more profound study of the
:rtlation between the forward elestia uoatter:l.ng oross section gor
& particle and antipsrticle. In this comnection the derivation

on the & : _(tn the bapie of the general prinoiples of theory of & sum rnle)

- the following ¢ hegral relatio j
‘ land the d1fgey

. 'of the ratio of the differential oross~ssotions ol partlole and
' antiparticle 1s of ocnseiderable interest.

It has been shown in paper/ 2/ that the general principles
of the theory put some restrictions onlng ‘ (f (E) being
“the :rnrward soattering amplitude for e partio {E)

_iith subtraoted pole terms, and E the 1ab, energy of the pion
inmh u.nitl). ‘!hat is, for arbitrary energles E and E. the
v‘aligrty of the inequality §

U]

Ting ampl :I.tudo)\. ‘

and antiparticle

2 an

)

' .wag proved for the omse when the symmetrio mplituue’f(E) ﬂE);—ffE)
is negative at E 4 , whioh i= the case,e.g. for the J""P ans
I’ P soattering amplitudes..

~ The pum rule derived in the presemt paper (zee {(18)) esta<
‘blishes an exact integral relation between f"(E)f 7) and
the phase difference of the fuhotions f(E) f \E) Prom
this relation & restriotion follows which iz more s‘trigent than
(1), Besides, it permita, in prinociple, to er&'imgte the asympto-

. ~'t'1c phases from forwari soattering differential orcas seotion at
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lewer energies. In the important oase, when the phase differsnce’
tends te a limit as £ —» @0 , the Tefstion between this 1imit
and the mtegral over the ratie of the differential cress sec~
tiens is established. h

-We have alse derived a sum ru.leczg) for the sum of phases of
the T'-P and Jr_P poattering amplitudes. This sum is interes-
ting first of all in the case when ITS_.'( E)-!-S_(E)J—JT] _c_IEE_
oonvergee. 1 gt '

e wtart with the follewing properties of the amplitude:

1, Analytieity in the oomplex plane E with outs [ ﬂ'-’;"i]

[‘1 ﬂﬂ] along the real axis;

2, Resl in the sense :

ft(e-w)=f:(l=_+i.0) (2)
3, Cressing-symmetry:

f(-E+i0)=f (E+10) (3
i f. N

N 4. Podymomlal boundness, l.,e, Frolszaarts bound
i 2 :
|f (£)] < CE{{nE) (43
T

holds, _
This inegquality holds ir the whole complex plane téo, elnce
we aasu.me that the mplitudes inoreace alewer than eny linear

exponentia.l of energy/ 5/ Moreover, we use the experimental

o>/ |
f()>0,f1)<o (5)

-l -

Tt has been shosn by Jin and Martin’®/ that ﬂf F)with pro-

,Z.pertiesﬂ/'ﬂ‘/ have not more than four meros. Conditlon (5)

permits te oarry ocut more detalled 1nvestigation/?'2/ a5 to the
numbér of geres, and proves that the amplitude ﬁ(E) has only one

ERY
gerc, which lies on the real axis at a certain point fr i '

o< < 1 . Because of conditier (3),f(f)ﬁas & gero

st point ~ &, The fact that the amplitudes f,_' (F ) nave each
" one and only one :ﬁero will be essentially enpla;ed below,

Before deriving sum rules for ){(E}md f{:/, let us show
that, wsing experimental data on total crose eectlons G(W)hnd
6'/)7' PJ, we cau determine (. , i.e. the position of the
geTe of the funciion f(E} . To this end we write down the

dispersion integrsl for the funetion f(E)(E*«-) +f(E)(E-Q’.)
Vsing conditiens (?.) and (4), we obtain

£, f;[/_j 25/ (Im L) , Ink. () N AE
ek E- Evo E-0 /ERER

From this :r:elat'l.on ¢ can be determined, If we take in (e

' 4

. E ~f, then the nain comtribution to the dispsrsion integral

will come frem the low snergy reglom. 'j!aktng .!.nto account this
possibility for the determination of O , we introduce new

funotions SO(E) without zeres:

’f(f’)- f'(E) ‘717(1.—)-

f(E) 0

ErOl

It le easy to see that conditien (2) holds -also for ¢(E} K

 and ingtead of conditinn (3), we have

P (-€+00) - -ff‘*(cHO) (32)
“5a




How, we prove that Sa(E)are the Hergoltz functions, i.e, o
Imff(f}? O 1t ImE >0 . ¥or %(E) we oan srite
down the dispersion integral (see Pig, 1)
¥(e)= L] rmﬁ’(s'}dff %(52 ( . j ©

* F . E—-E ]T' . o o
Jx 3 % -

where the last twe integrals are ocontributions from upper and

lower half ciroumferences. Using (8) and (3a), it is ogay to
e

obtaln,when £ —» &= that

Al | ImfcE) o, Im$(E) 7.

Imf(f F ) IV(E -Rel’)aﬁmljz 'L/E'H?ef} +(fmf) ]d(i)

- ( and do not contribute to TM?[E}, becnuss of ocon-
dition (’“) IMY(Ejgawhen E>0 therefore,[m?‘(fe’sj > 0.

0< 505)7' A similar proof r=n be develsped fer ¢ {E) ‘

-

‘HOI Tormula {(9) it is eamy to conclude thut tre phage of

(f&) i.e hfﬂfrf}aatlafxes the condition

?

0-4 Imfﬂ‘f(E)s F, ImE >0 (10)

Iﬁdae'd, vince ?;_/‘I} > 0 , we can put[ﬂ?[nf(f} =0 . Then ,

from eondition Imszjra(fmf:- 0), inequality (10) followe.

‘Purther, 1t 1s easy to mee (9) that sineca f._-:?('é‘ko,fmé'(ﬂ,
: -

| we have

- FInin¥l(E)d, ImE < 0 (10a)

"It follows from gomditioms (10) and (19a) hqt condition {2) also

holds for (n?(f‘}

&5{(’5;50) =/n,Z/E+£0/) (11)
Zﬂ%(ﬁj

Wow, we coneider the integral over the function F&r
4 ‘ _~ -
along the path C(.’_' -E) Sinege %(f.—) has no zeros ,

&V{F) ig an anal ytu function., Applylng Cauchy' & theorem tu

this :functi.on, we have

[ g ACAE L (12

‘e VE"E-Ji

. -
Using conditions (3a) and (11), we obtain

6 Hleo| g (Intrt (e o
1

) Nezs L
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whete we have omitted the term ~v '—{5 . Aceording'to (?):‘
E

‘, 12 ’ E"« Elz ’
l
Prom this relation aone rosttictmns nay be drawn., Mret of

/
all, we nots that -&G*“ LEZ =¢hfx, Ejaan be calculated .

within Cy-— - F
B, E') FaresinX + 0//)

NAED) dE”, m nls el d. )
e\f.(ﬁ [ n?( 5 ap. ‘”,._‘.-:._;.,_

as A>0 0<¢ﬁ(,£-7</ Ueing c.-m-‘ul-:l.t!.cm‘-(1011)_t

' we obialn the folloiln.g eptimate :

0< f LIL(EY) o7 ,5@ £/< 7w

v

which 1aco:reot for all E?j Paking into account the esti-

ma'te far ¢ﬁx E‘} wa find

I Ft’”’f (E)\_dE j,»z ma)

z .)’ if(E‘)/‘Tf—

We :all attentinn to the oolnt that the diffrrence of the signs

. off/j)andf{ijialds an aaaen’m; differences in the enti-

f(b_) 2 ana &n /LLL(E)

mates for integrals over &n

-

) ,qu'ality {148}, Thie could be ashlieved for {14} mleo, if we

impoes some Tegtricticns on she behaviour ol the dtﬂarence of' o

_yhases of l‘.he]. 7 and] P ‘umplitudes.
#e, however, firet express the i\nteszal on the right hund -
side of tie relation through pheses uff:(.E') in the physical

-B-

Caleulating O one makes it possible "o improve the .tna-w

s

: 'region. '!o thia end we write down the diapersion integ'ral for

tr ?(/E/e . Then we find

ImbeP(le ' b (T SalE) 7- 4/
" f(k/e ) %""E ~R2E)%(ImE) +(£»~&F ImE)4 4 ( 2

" where

J(E) h&?(f) - arcc& Relite) (16)
]Mf(&’)

d(E) « .l-h@r?’/—lj- drtc@ _fg_ff__ amn
2mf (£) -
Now we cubstitute expreesiom (1%5) im (13) and change the
ordgr'or integration. 'rhis.. operatilon can be justified by &

theorem due to Pabini”®/. after elemantsry integration, we toae

%o the followlng relation betwean the imtegrals from retiy of

modulus aad ditference of -tne phases of f (lf) and f(fj H

| ﬁnz‘fﬁ_ _dE Lo, E)—-_..,,_ %z&’ﬁ’ +E ‘dEm\

F6) Nez s
where g(E):J}(E)_‘E(E) A-.

Pirst of all, we cempidz. in imtereeting partieular csse, -
when at high emergies the functiom Jfl}hu & limit, i.e. as®

E-—-)-OO: then

S(E) = 7B + x/t) ~1¢fB <1, X(E)>009)
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_I'or the eatimation of the integral on the righ_t hand side
of Bg. {18), we devide the integration interval (/, #a0 ) inte

the following.subinte:vah (f Fﬂ(f}} lnd/f/‘/fj l-@) where

/([/i.a such a function that tor e /J{/-pﬂhut E/‘f/E)-’ao .

It is easy to see that asince /ﬂ‘?ly/‘ F _,

7

Galculating the re-ainihg intogﬁ;l, we cbtain .

J Jg")f E"'é/a’E J’/)’-;-_{.Z/EJ (21)
EH(E) ‘

whers accordiag to {19) -r/fc’)-pﬂfor E+»oc, thue we have

4 (E) # o, e 22
f’/ﬂfjﬁ L(1:4)- p &, )

We gea that expresaion (22) dopends on ,5 strongly. On the

otner hand, it essems that the integral on the left hand side is

apparently .
mainly defined by the low energy region, bacause fo:r high ener~

‘gles 7‘@»‘-1. Thus,we have & pogsibility for the ot?‘tlmatmn
£ e

e

on the low energy behaviour of the amplitudes. We etress that in

th .
case,\hjfferenﬁa.l cross sectioms.are slowly varying functionse

JQ(E,‘!‘) C ¢ e E —» oo
% /“-"> ¢

\ ;  Refy

- bit 11 ber); d if f t
{ E is an arbitrary small number); an unctiona //,
have limite @F/ correspondingly, dhen e1ther)f = ...J/ ‘0T

- 10 - :

EM(E] -
[F] “ER I s

of the quantity )3 for aeymptotic energias, by using,information

\,

r - , Whi¢h follows from the phase re;risentation offf {E)f_‘_ff)

/T49/, 1t should be noted that either of these poswibilities’

satiafien the general principles oi’ the theory, and from thie
point of view, they are equal. But it ie ususlly assumed tha:
the fizrst one holds, because from the second one we arrive ai
an unusual behaviour of the exchange crose section, The obtained
relation (22) is interesting particulery for its seneltivity to
thege two pusqlbuisiea.

At last, we note that if JTE) has & Hait as E »c0 .
then -

Lim f‘fa\fﬁ-(r) oL — 0 (20
E oo f‘(g') I34 :

Let us compider now a more general case:

I e
<ccfE) <X -1<f < £ (23
(€) <78, -1 A,
Thern by nimllar arguments develof;’ed veforae, wle obtain

_gf?jf )’j &< f’nlf(g)

A e f)<”rfw+f

=

where E is an arbitrary small number.

T )€€f and féf have the asme elgn as E-socc , then

1b\1 wusly

< OE)g Ve . 27)
&



and and tends to zero as L -» o,

iy 2 _ .

T e e« Bl df GRS |28 +x)-3(e-2)|< C(Z)
)Tz ; B

0< X < EH(E)
| where C 1s some eon.ata.nt, /8>0 and ﬂ{f}_,o but Eﬂ(@-"" '

as before. We now prove that fron the last condition, .

"Sg‘;;;{‘l 1, E e, 0<Jsﬂ

y . follows. Lat us evaluate EEFI)¢&E€ )-— ft!ﬂme /nalng _
the dispersion intsgral for (ﬂ ¢/E) . It 18 easy to see that
for the difference of iwo logarithme we cen write down diaper~

o Thua, wa pee that the integral over ﬁ?lf'/y(gjl is rajated

to the difference of asymptoilic phases of the anplitudes ( /

mf{E}

Now, we ;ass to the séeond gum rule. ILet ue eonsider the

integral ove:m along path C (sea Pig. 1}.

E .
Using the cromsing ayﬂitr, property of the function fn%ﬁ}

(see (11) and (15)), we obtain the following relation:

sion integral without sub't:aétiona,and obtain
| PlEe )| _ J(E’ (E—EMSJ’) JE’
DEette) E% EL CEFwosy
| ! ['?(Ef)(s-fca:a;) 78"  (32)
T E'%EXZEE Cosy

o< Zf<z)’</” o

: jMﬂ’E jgnlff(fei)gﬂ(r. ‘)10’;94. fbf’fﬂ)(z‘))
J(E) + S(E/ 7= J(E)

. This relation ir of part;cular 1nteres‘l‘- whan the'integ:al on

the left hamd aJ.:le convarges, since, in this case, the min

comtribution tof an) ZE’ comes from the relatively low enaw
&y Tegion, snd 9) can be uged to estimate ‘ﬁd?{E)’!¢(’t)

at aaynptotie angies. To derive this relation between ob-

¥e¢ devide the integration 1ntervalﬁ w}' intc three subinter-

wa(hEpME) . (Eue), ExTe) w(EMTE), o0) .

By means of sinple eotimates ons can see that the diffsrencelof

servable guantitiea, we express the integral on the right hand
side through the vaiuss of ¢(E}i’or physieal F . one can
. P show, that if oma asgumptions hold,¢(.E) would have the same,

soymptotie . 11-:.1'. for E complex and resal. lntegrals over the firet mnd the third intervals s

.-..,«{E?(c:asaf co.s;r} since Isffj'cr The two integrale

15-

L 1] suppoae that J/E) has not any etrong o-oilhtionn

Al

=]2=




" devide the interval (E/“(F), E/u“ {E)) into three pubtrintervals:

The reculta. obtained in thip paper are obvilously applica-
N Erud P
- . ble not only to.fl rP ,]-ID, scattiering, but also to all pro-
‘over the sacond interval are estimated independently, Is is ' ‘ C
) : - cepges whose amplitudes satisfy conditione used hera.
sufficient to consider the second cne only. To this end we . - )
. When this work was completed Prof, Meiman acquainted us

with work where similar results have been obialned.

(E/H{E) JEeesy ;,M(E)),(Ecc:%..él-'tc(s)fcc%,-..g,mj
md(&'ca.idé}f}“{f) ,E/J-’KE)) .+ Eveiuation of the first
‘and the third integraly is triu.-mi; they are ~5‘[£;/@/4{‘E),
EM(E)< EJ < Eecsy — EME), Eccsy+ EX(E)<ECELTE).
Since 5{6}—’0 - as £—»ea , we cam cht;oe/(/E in such

a way that 3&;}@«(&)-;0 neymptotically. .M:_‘laet. we eg-

We are deeply indebied to M.N.Mnatsakenova for valusble

discuseions. A

L

timate the remaining integral uaingﬂcon.ditio!-.l £3¢). It is eamny
to show that ite nqduluséC(/f(EJ-ya for E-;w . H.ah'ha,

relation (31) holde, ‘and we have
S_ _5;(;) dE= €aflo) +éf, t’n\gffg) g(g).l_,_o{s) G2y 7

Now, we show how %o evaluate fnSﬂ(&) ." To thiam end we
write down glspersion integrals for ?i(E) and ?:(E) . Com-
bining theses two relationas we obtain

DUE) _ PlE) _ o B0}, 2e(InBlENIE"_ .
= : '_E 3 . 7 1(512—-595"
_2ef Im%(e) dE
T (e ER)E’
1

(13) - 15 -

The lagt. integzais converge rapidly, so that it is suf-

Tloelent to knows;(f) for relatively low energies, - = B

- 14 -
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